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Abstract 
A digraph obtained by replacing each edge of a complete multipartite graph by an arc or 
a pair of mutually opposite arcs with the same end vertices is called a complete multipartite 
graph. Such a digraph D is called ordinary if for any pair X, Y of its partite sets the set of arcs 
with both end vertices in XwY coincides with X x Y=l(x,y): x~X, yeY I or Y x X or 
X x Yu Y x X. We characterize all the pancyclic and vertex pancyclic ordinary complete 
multipartite graphs. Our charcterizations admit polynomial time algorithms. 
1. Introduction 
A digraph D on k disjoint vertex classes (partite sets) is called a complete k-partite or 
multipartite digraph (CMD) if for any two vertices u, t: in different partite sets either 
(u, v) or (v, ut (or both) is (are) an arc(s) of D and there are no arcs between vertices 
which are found in a same partite set. Such a digraph D is called ordinary if for any 
pair X, Y of its partite sets, the set of arcs with both end vertices in Xw Y coincides 
with X x Y={(x,y) :  xeY ,  y~Y} or Yx X or X x Yw Yx  X. 
The class of ordinary complete multipartite digraphs is a natural generalization of
the class of tournaments and has some tournament- l ike properties [3, 9]. Ordinary 
CMDs were introduced in [7] where they played an imprtant role in the proof of the 
main theorem dealing with cycles in general CMDs. Like the class of complete 
bipartite digraphs which received a considerable amount  of attention, the class of 
ordinary CMDs seems to be rather interesting. 
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A complete k-partite digraph is called a k-partite or multipartite tournament 
if it has no cycles of length two. A complete k-partite digraph is called symmetric 
if it has the arcs (u,v), (v,u) for any pair u,v in distinct partite sets. A digraph 
H is pancyclic if it contains a simple cycle of length i (i-cycle) for any 3 ~<i<~n, 
where n is the order of H. H is vertex pancyclic if it has an /-cycle containing 
v for any ve V(H), 3 <~i<~ n. We assume that every digraph with one or two vertices is 
pancyclic and vertex pancyclic. Even pancyclicity and vertex even pancyclicity are 
defined analogously: in this case we only require cycles of all possible lengths 
i -= 0(mod 2). 
Characterizations of even pancyclic and vertex even pancyclic bipartite tourna- 
ments were derived in [4, 14]: a bipartite tournament is even pancyctic as well as 
vertex even pancyclic if and only if it is hamiltonian and is not isomorphic to the 
bipartite tournament F4, (r=2,3 .... ). F4r has two partite sets {xl,x2 .. . . .  x2,}, 
{Yl,Y2 . . . . .  Yzr} and its arc set is {(x,,yj): i - j (mod2),  l<<.i,j<~2r}w{(Yi, X ): 
i--j + 1 (rood 2), 1 ~ i, j ~< 2r}. Observe that a characterization f even pancyclic (and 
vertex even pancyclic) complete bipartite digraphs coincides with the above-men- 
tioned one. Indeed, the result follows from the fact that any bipartite tournament 
obtained by the reorientation of an arc of F4r is hamiltonian, and so, vertex even 
pancylic. Combining these results with the known necessary and sufficient conditions 
for the existence of a hamiltonian cycle in a complete bipartite digraph [6, 9, 11] we 
obtain a polynomial characterization for the above properties. 
A characterization of pancylic (and vertex pancyclic) ordinary k-partite (k~>3) 
tournaments was established in [8]. As opposed to the characterization of even 
pancyclic bipartite graphs the last one does not immediately imply a characterization 
of pancyclic (or vertex pancyclic) ordinary complete k-partite diagraphs. Indeed, there 
exist vertex pancyclic ordinary CMDs which contain no hamiltonian ordinary multi- 
partite tournaments as spanning subgraphs. Such examples are complete symmetric 
k-partite digraphs Sk., with r vertices in each partite set except he last one and (k -  1)r 
vertices in the last one (r ~> 1, k ~> 3). 
Sk,, is vertex pancyclic by Theorem 1 and it has no hamiltonian ordinary k-partite 
tournament as a spanning subgraph since any hamiltonian cycle of Sk,r must alternate 
between the largest partite set and the other partite sets and hence it cannot be 
a subgraph of an ordinary multiple tournament. 
In this work we derive characterizations of pancyclic and vertex pancyclic ordinary 
CMDs. These results differ from the corresponding ones for ordinary multipartite 
tournaments. 
A complete k-partite digraphs is called a complete digraph if its order is k. Moon 
[12] derived the following characterization f vertex pancyclic complete digraphs 
which we shall apply extensively in this paper: every strongly connected complete 
digraph is vertex pancyclic. Some generalizations of Moon's theorem were recently 
obtained in [5, 10]. 
A digraph D is called r-diregular or, simply, diregular if d+(x)=d-(x)=r for any 
xeV(D). The following interesting result dealing with diregular bipartite tournaments 
G. Gutin / Discrete Mathematics 141 (1995) 153-162 155 
was derived in [2, 13]: If D is a diregular bipartite tournament with 2m vertices, then 
D has a 2i-cycle containing e for any i, 1 ~<i~<m and any arc e. 
2. Notation and terminology 
Let D be an ordinary CMD.  The sets of vertices and arcs of D are denoted by V(DI 
and A(D), respectively. For  We_ V(D), D(W)  denotes the subgraph of D induced on 
W. For X, yc_ V(D), A(X, Y)={(x,y)~A(D): x~X, y~Y}. Let V1, I/2 . . . . .  V,, be the 
partite sets of D; then for veVi we shall write S(v)= Vi. For We_ V(D), S(W)= {S(v): 
v6W}. For a subgraph H of D, we shall sometimes write [HI, D(H) and S(H) instead 
of I V(H)[, D(V(H)) and S(V(H)), respectively. By a cycle (path) we mean a directed 
simple cycle (path, respectively). An m-cycle (m-path) is a cycle (path) which has m arcs. 
An m-cycle in D is called a hamiltonian (prehamiltonian) if m= IV(D) I (m = I V (D) I -  11. 
A subgraph F of D is a 1-difactor of D if F is a spanning subgraph of D and 
d + (x)= dr  (x)= 1 for any xeV(F). Obviously, any 1-difactor F of D is a collection of 
vertex disjoint cycles Cx, C2 . . . . .  Ct (t>~ 1), i.e. F=CIuC2u.. .wC,. Denote by G(F'I 
the undirected graph with the vertex set {C~,C2 . . . . .  Ct} and the edge set {C~C/ 
S(Ci)~S(Cj)~O, 1<~i<<.j<<.t}. A sequence of vertices Vo, v~ ..... Vp of a digraph D is 
called a tour of length p if (vi, vi+l) is in D for every i=0,  1 . . . . .  p -1  and Vo=Vp. An 
ordinary CMD D is called a zigzag digraph if it has more than four vertices and k ( ~> 3) 
partite sets V~, V2, V3 ..... Vk such that A(V2,  V1)=A(V  i, V2)=A(V  1 , Vi)=0 for any 
i~{3, 4 . . . . .  k}, IVal=l v21=l v31+l v41+.--+1Vkl. 
Observe that any cycle in such a digraph has the same number, say s, of vertices 
from Va and Vz and at least s vertices from V3U'"WVk. Therefore, H has no 
prehamiltonian cycle. Observe that a 4-partite tournament with more than four 
vertices is not a pancyclic digraph either. Indeed, the single (up to isomorphism) 
strongly connected tournament with four vertices has no tour of length five. 
3. Main theorem 
The aim of this paper is to obtain Theorem 1, two first parts of which immediately 
follow from Lemmas 8 and 9 proved. Observe that only trivial ordinary complete 
bipartite digraphs are pancyclic. Hence, we consider further the class of complete 
k-partite digraphs for k >~ 3. 
Theorem 1. (1) An ordinary complete k-partite digraph (k~>3) D is pancyclic (f and 
only if 
(i) D is strongly connected; 
(ii) it has a 1-difactor; 
(iii) it is neither a zigzag digraph nor a 4-partite tournament with at least five vertices. 
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(2) A pancyclic ordinary complete k-partite diagraph D is vertex pancyclic if and only 
if either 
(i) k > 3 or 
(ii) k=3 and D has two 2-cycles Z1,Z2 such that ]S (Z lwZ2) ]=3.  
(3) There exists an O(n2"S/x/log n) algorithm for determining whether an ordinary 
complete k-partite (k >~ 3) digraph D with n vertices is pancyclic (vertex pancyclic). 
The third part of Theorem 1 follows from the equivalence of the problem of finding 
a 1-difactor in a digraph and the problem of finding a 1-factor in an appropriate 
bipartite graph. The last problem for a graph with n vertices may be solved using the 
O(n2"5/lx/~ n) algorithm for construction of maximum bipartite matching [-1]. 
Here is a brief outline of the proof of the first two parts of Theorem 1. Let D be an 
ordinary CMD satisfying the conditions l(i)-(iii) and 2(i) and (ii) of Theorem 1. Then 
D contains a 1-difactor F = C~ w... wCt which has the following two properties: every 
D(CI) is a complete digraph i.e., a complete multipartite digraph where each partite 
set has a single vertex, and the graph G(F) is connected. This claim is proved as 
Lemma 2. By Moon's theorem each D(Ci) with at least three vertices is vertex 
pancyclic. If D (C~) has two vertices it is vertex pancyclic by definition. Next we show 
that there are always two cycles C~, Cj which are adjacent in G(F) so that D (C~wC~) 
is pancyclic. Repeated iteration of this process yields the desired result. This second 
part of the proof is established in Lemmas 8 and 9 which apply Lemmas 3-7. 
4. Lemmas 
In the statements and the proofs of the lemmas, we use the following additional 
notation: csp(x) is the set of the lengths of all cycles of D containing a vertex 
x~V(D); from now on D is an ordinary complete k-partite digraph (k>~3); 
C=(xl ,x2 . . . . .  xt,xl), and Z=(y l ,y2  . . . . .  YI,Yl) (/,m>~2) are vertex disjoint cycles of 
D such that S(x l )=S(y l )  and the digraphs D(C) ,  D(Z)  are vertex pancylic. 
We shall make a trivial but an important observation. 
Remark 1. IfS(v)=S(u) and v lies on a cycle Q=(V, Wl . . . . .  w~,v), then Q is a cycle of 
length q + l containing u if u = wi for some i or if u v ~ wi for any i, 1 ~< i ~< q, the cycle 
(u, wl . . . . .  wq, u) is a cycle of length q + 1 containing u. 
Lemma 2. l f  D is strongly connected and has a 1-difactor, then it contains a 1-difactor 
F = C I ~) C 2 u " " uC  t such that D ( C i) is a complete digraph, 1 <~ i <~ t, and such that G( F) 
is connected. 
ProoL Suppose that 
F=ClwCzw. . .wCt  (1) 
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is an arbitrary 1-difactor of D. Assume that C1 =(vl,/)2 . . . . .  Up, vl) and S(vi)=S(v s)
for some i and j satisfying l<<,i#j<~p. Since (vi, vi+l), (vj, vi+l)~A(D), we obtain 
the new 1-difactor F'=C' IuC'2wC2w.. .uC, where C'l=(Vi+l,Vi+2 ..... vs, vi+l), 
C~ =(vj+ 1, vj+ 2 ..... v~, vs+ 1 ), which contains more cycles. Therefore, this process must 
terminate and we may assume that the 1-difactor (1) is such that each D(C~) is 
a complete digraph (1 ~< i ~< t). 
Suppose now that the graph G(F) is disconnected. Then G(F) has c >~ 2 components: 
G1, G2 . . . . .  Go. Assume that there exist two cycles Z1, Z2 of F which are found in 
different components of G(F) such that D (Z1 ~Zz)  is strongly connected. By Moon's 
theorem, D(Z~Z2)  is a hamiltonian complete digraph. Hence the replacement of 
Z~,Z2 by a hamiltonian cycle of D(Z IwZ2)  in F leads to a new 1-difactor F with 
(c -  1) components such that vertices of each cycle induce a complete digraph. We may 
execute such an amalgamation of the components of G(F) until we get either 
a connected G(F) or a G(F) such that for each pair Z~wZ2 of different cycles of F the 
digraph D (Z~ wZ2) is not strongly connected. Consider the second case, and denote 
for simplicity the cycles of F by C~ .. . . .  Ct as in (1). Clearly for any pair Ci, Cs of the 
1-difactor F either A(Ci, Cj)=0 or A(C s, Ci)=0. 
Since D is an ordinary complete multipartite digraph, for any pair of the compo- 
nents G f, Gh of G(F), we obtain that either 
ZEV(Gf) ZEV(Gh) ZEV(Gh) ZEV(Gf) / 
but not both. Construct tournament T with V(T)={G1,G2 . . . . .  Gel and 
A(T)={(G~,Gs): A(Uz~v~,)Z, ~z~vt~j)Z)4=O, l<~i#j<~c}. As Dis  strongly con- 
nected, T is also strongly connected. Pick out from each component G~ any cycle Zi 
belonging to F. Then the tournament, constructed analogously to T on the vertex set 
{ZI . . . . .  Z~}, is hamiltonian. Hence D(Z1u. . .wZc)  is also hamiltonian. Let H be 
a hamiltonian cycle of the complete digraph D(Z~u ...... Z¢). Then the replacement 
of Z1 . . . . .  Z~ by H in F leads to a new F such that G(F) is connected and satisfies the 
firs part of the lemma. [] 
Lemma 3. If H is a prehamiltonian cycle of a strongly conneced igraph G and the 
vertex of G, which is not in H, is adjacent with all vertices of H, then G is hamiltonian. 
The trivial proof is omitted. The following lemma was proved in [-8]. We remind 
that C and Z are disjoint cycles of D mentioned above. 
Lemma 4. Let x be a vertex of C. 
(1) Ill>>-2, m>>-3, then csp(x) includes {3,4 . . . . .  l}w{l+3, l+4  . . . . .  l+ml: 
(2) If l>~4, m~>3, then (l+ 2)6csp(x); 
(3) If l>~ 5, m~>3, then (l + 1)6csp(x); 
(4) Ill>.4, m>~3, and S(Z) ~S(C), then 5ecsp(x); 
(5) I l l=3, m>~3, and IS(Z)\S(C)I>~2, then 4,56csp(x). 
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Lemma 5. Suppose m = 2. I f  either 
(1) 1>~4 or 
(2) l~{2,3} and IS(Z)nS(C)l= 1, then D<CwZ> is vertex pancyclic. 
Proof. Case 1: l~> 3. By the conditions of the lemma csp(xi) ~ {3, 4 . . . . .  l} (1 ~< i~< l). 
Since S(xl )= S( y l ), csp(yl)2_{3,4,.. . , l} by Remark 1. By Lemma 4(1) we obtain 
(l + 2)ecsp(xl), csp(yj) (for all 1 ~< i ~< l; j = 1, 2). 
Subcase 1.1: S(y2)=S(xi)for some i. Then 1>~4 and csp(y2)~ {3,4 . . . . .  l). Pick out 
from D(C)  any ( I -  1)-cycle C1 containing xl.  Let C2 be an (1- 1)-cycle containing the 
vertex of C which is not in C1; then D({y l ,Y2}wV(Ci )  ) is hamiltonian by 
Lemma 4(1) for j = 1, 2. Hence (l + 1)ecsp (xi), csp ( y j) (1 ~< i 4 l; j = 1, 2). 
Subcase 1.2: S(y2) is not in S(C). Let Ct be a t-cycle of D(C)  including xl (3 <~t<~l). 
Since (y2,xl),  (xl, Y2) are in A(D), D(y2wV(Ct ) )  is hamiltonian by Lemma 3. So, 
csp(Y2) ~- {4, 5 . . . . .  l + 1 ) and (I + 1)~csp(xi), csp(Yl) (1 ~ i ~< l). 
It remains to prove that 3~csp(y2). Consider Y2 and Ca defined above. Suppose 
C3=(xl ,xf ,xg,x l ) .  It is easy to see that i f(xf, y2)EA(D) or (y2,xg)~A(D), then Y2 lies 
on a 3-cycle which includes xl .  
On the other hand, if (y2,xf),  (xg,y2)~A(D), then (y2,xl ,  xg,y2) is a 3-cycle 
containing Y2. 
Case 2: l=  2. Without loss of generality, we may assume that (x2, y2)EA(D). Hence 
D has the following cycles: (X l ,X2 ,Y l ,Y2 ,X1)  , (x2 ,Y2,X l ,X2)  , (x2,Y2,Y l ,X2) .  [] 
We now consider the case where m/> 3. 
Lemma 6. I f  l >t 5 and either 
(1) S(Z)~_S(C) or 
(2) m i> 5 or 
(3) m=4,  IS(C)l>~lS(Z)l or
(4) m=3,  IS(C)l >lS(Z)l, then D(CwZ)  is vertex pancyclic. 
Proof. By Lemma 4(1)-(3), csp(xi)~_{3,4 ..... l+m} (1~i~<1). If S(Z)~_S(C) or if 
m>~5, then for 1 <<.j~m, csp(yj)~_{3,4 ..... l+m} by Remark 1 and Lemma 4(1)-(3), 
respectively. Thus we may assume S(Z)~ S(C) and 3 ~<m ~<4. Consider first the case 
m = 4. Lemma 4(1) and (2) implies csp(yj) ~_ {3, 4, 6, 7 . . . . .  l + 4} for every j, 1 ~< j ~ m. As 
I S(C)l/> IS(Z)l and S(Z) 7~ S(C), we obtain S(C) ~ S(Z) and so 5~csp( yj) (1 <~ j <~ m) by 
Lemma 4(4). 
Consider now the case m=3.  By Lemma 4(1), csp(yj)~{3,6,7 .. . . .  l+3} for each 
1 <~j<~m. If IS(C)\S(Z)l >/2, then 4, 5Ecsp(yj) (1 <~j<~m) by Lemma 4(5). It remains to 
consider case IS(C)\S(Z)I = 1. In this case S(C)~S(Z) which is impossible. [] 
Let Zx, Z 2 be cycles of an ordinary CMD H such that S(Z1)t'-~S(Z 2)~ ~. It is easy to 
see that H (Z1 wZ2)  is hamiltonian. This fact and Lemma 2 imply the following result 
which was also proved in [9] using a different approach. 
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Lemma 7. D is hamiltonian if and only if it is strongly connected and has a 
1 -difactor. 
Lemma 8. 
equivalent: 
(i) D is 
(ii) D is 
Suppose [S(D)[~>4, and that [V(D)[~>5. The Jbllowing conditions are 
vertex pancyclic; 
pancyclic; 
(iii) D is strongly connected, has a 1-difactor, and is neither a zigzag digraph nor 
a 4-partite tournament. 
Proof. We first show that (iii) implies (i). 
Suppose that (iii) holds. Let F= ClwCz•. . .wC, be a 1-difactor of D satisfying the 
conditions of Lemma 2 and let C~ be a cycle of F containing the maximum number of 
vertices. Consider the following four possible cases. 
Case 1: ICII>~5. Pick out any cycle Ci (i¢- 1) which is adjacent to C1 in G(F). By 
Lemmas 5 and 6, D(C1uCi )  is vertex pancyclic. Similarly, consider a hamiltonian 
cycle of D (C1 wCi) and the rest of the cycles of F. Repeating the same arguments, we 
conclude that D is vertex pancyclic. 
Case 2: 1Cl1=4. Choose any cycle Ci (i ~ 1) which is adjacent to C 1 in G(F), and 
such that if [S(D)[~>5, then S(Ci)~S(C1). Let x,y be any vertices of C1 and Ci, 
respectively. 
Subcase 2.1: [Ci[= 2. Then D (C1 w Ci ) is vertex pancyclic by Lemma 5. Hence, as in 
Case 1, it follows that D is vertex pancyclic since D (C1 w C~ ) contains vertices from at 
least five partite sets. 
Subcase 2.2: ICiJ=3. If [S(D)[>~5, D(C lwCi )  is vertex pancyclic according 
to Lemma 4. Indeed, by Lemma 4(1), csp(x)~_{3,4,7}, csp(y)~_{3,6,7 I. 
Further, 5,6ecsp(x) by Lemma 4(4) and (2), respectively. Finally, 4, 5scsp( y), by 
Lemma 4(5). 
Suppose now that IS(D)[=4. Then D has a 2-cycle, since D is not a 4-partite 
tournament. If there exists a 2-cycle B of D such that V(B)c V(CI), then D(C1uB)  is 
vertex pancyclic by Lemma 5. Moreover D (C1 ~Ci ) is hamiltonian by Lemma 4(1). 
Hence, D (C1 w Ci ) is vertex pancyclic (note that the vertex of Ci \B lies on cycles of all 
possible lengths by Remark 1). If there is no 2-cycle B satisfying V(B)c  V(C~), then 
there exists a 2-cycle B such that V(B)c V(C1) and [S(B)~S(Ci)I = 1. By Lemma 4(1) 
and Remark 1 (for C1,CI), csp(x), csp(y)~_{3,4,6,7]. Moreover, by Lemma 4(1), 
O(C iwB)  is hamiltonian and hence by Remark 1, 5ecsp(x),csp(y). Therefore, 
D(C~uCi )  is vertex pancyclic. Hence, as in Case 1, D is vertex pancyclic. 
Subcase 2.3: [Ci[=4. If IS(D)[>~5, then, since S(C1)¢S(Ci), and 1S(C1)1= 
[S(Ci)l=4, we get that D(C lwCi )  is vertex pancyclic by Lemma 4(1), (2) and (4). 
Otherwise, ]S(D)I =4 and then there exists a 3-cycle T such that V(T)c  V(Cj). Also, 
D (C1 w T) is vertex pancyclic by Case 2.2, D (C1 wCi ) is hamiltonian by Lemma 4( 1 ), 
and so the last digraph is vertex pancyclic. Therefore, by Lemmas 5 and 6, D is vertex 
pancyclic. 
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Case 3: ICal=3. 
Subcase 3.1: Assume that there exists a pair C~, Cj (ICjI~IGI) of the cycles of 
F such that I f j l=3,  and 
IS(C,)c~s(cj)l = 1. (2) 
If ICi l :2,  then D(CiwCi) is vertex pancyclic by Lemma 5. If IGI=3, then by 
Lemma 4(1) and (5), D(C~wC~) is vertex pancyclic. So, in both cases, D is vertex 
pancyclic by Lemmas 5 and 6. 
Subcase 3.2: Assume that there is no pair satisfying (2). Then there exists a cycle C~ 
such that S(C1)~ S(Ci) and IS(C1)~S(G)I > 1. Hence, IS(C1)c~S(C31 =2 and IGI =3. 
Suppose S(C1)~S(CI)= {Vl, I/2 }. 
We call two cycles Cj, Cr inconsistent if they have pairs of vertices v~,v2(~Ci), 
ul,u2 (~Cr), such that S(v,,)=S(u,,), m= 1, 2 and (vl,v2)EA(Cj), (u2,ul)6A(Cr). 
We start with the case when F has a pair of inconsistent 3-cycles Cj = (va, v2, v3, Vl ), 
Ck=(U3,Ul,Ul,U3) such that S(v,,)=S(um), m=l ,2 .  By Lemma 4(1), 3,6~csp(z) 
for every z~V(CiwCk). Moreover, D(CyCk) contains the following cycles 
(v3, Vl, u3, v2, v3), (v3, Ua, u3, u2, v3), (v3, vl, v2, Ul, u2, v3), (u3, v2, vl, u2, ul, u3). Hence, 
D(CjUCk) is vertex pancyclic. Therefore, O is vertex pancyclic as well (by 
Lemmas 5 and 6). 
Consider now the case when F has no pair of inconsistent 3-cycles. Then since G(F) 
is connected, and since (2) does not occur, { V1, Vz } ~-S(C s) for every Cs~F. 
Suppose that F has no 2-cycles. Since D is not a zigzag digraph, it contains a 2-cycle 
B with S(B)c~{ V1, V2} ¢0. If S(B)~ { V1, V2}, then there exists a 3-cycle Cf in F such 
that S(Cf)~_S(B). Without loss of generality, we may assume that V(C~)~_ V(B); 
v= V(Ci)\V(B). Then, since S(CI)#S(Ci), the pair C1, B satisfies (2) and hence 
D-v  is vertex pancyclic by Subcase 3.1. It remains to note that D is hamiltonian by 
Lemma 7. Suppose now that S(B)= { V~, V2 }. Without loss of generality, we assume 
V(B) ~_ V(Cx). Let v = V(C1) \ V(B). Obviously, the complete digraph D (vu V(Ci)) is 
strongly connected. Hence, it contains a hamiltonian cycle H. Then BwH is 1-difactor 
of D(C~wC~) and so F'=FwBwH\{C~,C~} is a l-difactor of D. Therefore, D is 
vertex pancyclic by Case 2. 
Suppose that F has a 2-cycle. By the assumption of the subcase there exists a 
2-cycle B such that S(B)= { VI, 1/"1} Therefore, D is vertex pancyclic as has been 
proved above. 
Case 4: 1C~1=2. Since [S(D)[>~4 and G(F) is connected, then F has two 2-cycles 
C~, Cj such that IS(C3c~S(Cj)l = 1. So, D has a 4-cycle, and by Lemma 5, D is vertex 
pancyclic. 
We thus showed that (iii) implies (i). 
Clearly, (i) implies (ii), the fact that (ii) implies (iii) is easy. Indeed, every pancyclic 
digraph is hamiltonian and so it is strongly connected, and has a 1-difactor. Besides, 
zigzag digraphs and 4-partite tournaments with at least five vertices are not pancyclic 
as has already been proved. [] 
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Lemma 9. Suppose D is stronyly connected, has a l-diJaetor, IS(D)I =3, and I V(D)I )4 .  
Then 
(1) D is vertex pancyclic if and only if it has 2-cycles Z1,Z2 such that 
I S(ZI )wS(Z2)l = 3; 
(2) D is pancyclic if and only if it is not a ziyza 9 digraph. 
Proof. Let V1, V2, V3 be the partite sets of D, let F be a 1-difactor of D, and sis, s'ij be 
the number of the 2-cycles in F and in D, respectively, with the vertices from //iw ~ 
(1 ~< i < j ~< 3). Suppose that I V(D) I >/4, ]S(D) I = 3 and D is not a zigzag digraph; then it 
has a 2-cycle and so max{s'~2,s'~3,s'23} >/1.Without loss of generality, assume that 
s12 >~Sa3 >~sz3 and s'~z >/1. Consider the following four possibe cases. 
Case 1: s12+Sa3+S23>~3, s13>~1. Let C1,C2,C 3 be 2-cycles of F such that 
S(C1)={V1, V21, S(C2)={V1, V3}. One can show that D(C1L)C2LgC3) is vertex 
pancyclic by the arguments imilar to those used in the proof of Case 4 of Lemma 8. 
Hence, D is vertex pancyclic by Lemma 6(1). 
Case 2:s13 =s12 = 1, s23 =0. If IV(D)] =4, then obviously D is vertex pancyclic. If 
I V(D)I >4, then F has a 3-cycle. We may assume that F has a 3-cycle Q =(U1,  /22, U 3, UI) 
where vie Vi. It is easy to see that D-v3  has the l-difactor Fw(vl, v2, vl)'\Q and so 
D-v3  is vertex pancyclic by Case 1. D is hamiltonian according to Lemma 7. 
Therefore, D is vertex pancyclic by Remark 1. 
Case 3: $23=S'23=S13=S'13=0. Assume that A(Va, V2)=A(V1, V31=O. Then 
F can have cycles only of the following two forms: 
(U1,U2,U1) , (UI,U2,U3,1)I), where viccVi, 1~<i~<3. 
Hence I Vl l=l  V21=t+s12, I v3 l=t ,  where t is the number of 3-cycles ofF.  D contains 
a 2i-cycle 
(v?', . . . . .   , 11J, t31 
for each i, 1 <~i<~s~2+t, where vlS)sVt, 1 <~1<~2. 
To obtain a (2i+ 1)-cycle from the above 2i-cycle, we replace an arc(v~z jl, c] j+ ~)1 by 
a path (v~2 s), v3, v] s+ 1)), where v3 is a vertex of V3. To obtain a (2(Slz + t)+./)-cycle from 
the 2(Slz +0-cycle, we replace j arcs, directed from Vz to VI, by j 2-paths, each of 
which includes a vertex of V3 (1 <,j<~t). We have proved that D is pancyclic. But, in 
this case, D is not vertex pancyclic as it has no 4-cycle containing a vertex of V3. 
Case 4:s23 = S 13 = 0, max {s~3, s] 3 } ) 1. Assume that s'l 3 ~> 1. In the present case, we 
have also [ VI[=I VEl=t - t - s12 ,  ] V3I~--t. But in the case, in contrast to Case 3, D has 
a 2i-cycle (for each 1 ~i~< s~ 2 + t) meeting all partite sets. To obtain such a cycle from 
the 2i-cycle (3), we replace a subpath (v(f i), v(2 j), V(l J+ 1)) of (3) by a path (v(~ sl, r3, t'~ j ~ 1)1, 
where v3eV3. Hence, D is vertex pancyclic. 
Therefore, D is pancyclic, and it is vertex pancyclic only in Cases 1, 2 and 4, this 
implies Lemma 9. Z] 
Theorem 1 follows immediately from Lemmas 8 and 9. 
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